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ABSTRACT

For a graph G with n vertices and m edges, the eigenvalues of its adjacency matrix A(G) are
known as eigenvalues of G. The sum of absolute values of eigenvalues of G is called the energy of
G. The Laplacian matrix of G is defined as L(G) = D(G) — A(G) where D(G) is the diagonal matrix
with (i,j)”’ entry is the degree of vertex v;. The collection of eigenvalues of L(G) with their multi-
-, U, are the eigenvalues of L(G) then the Laplacian
W — sz} It is always interesting and challenging as

plicities is called spectra of L(G). If uq, py, -
energy LE(G) of G is defined as LE(G) = .7,
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well to investigate the graphs which are L-equienergetic but L-noncopectral as L-cospectral graphs
are obviously L-equienergetic. We have devised a method to construct L-equienergetic graphs

which are L-noncospectral.

1. Introduction

All the graphs considered here are simple, finite, connected
and with n vertices and m edges denoted as G(n, m). We
denote the complement of graph G by G, the complete
graph on p vertices by K, the null graph by K. The average

vertex degree denoted by d, defined as d =,
undefined term in graph theory we rely upon Balakrishnan
and Ranganathan [2] while for terminology related to matrix
theory we refer to Horn and Johnson [11].

The adjacency matrix A(G) of a graph G with vertices
V1, V2, -+, Vy s an n X n matrix [a;] such that,

For any

a; = 1, if v; is adjacent with v

= 0, otherwise

The spectra of adjacency matrix of graph G is called spectra
of G. If 44,4, ---,4, be eigenvalues of graph G then the
energy of graph G is E(G) = > i ,|4|, The concept of graph
energy was introduced by Gutman [9] in 1978. A brief account
of graph energy can be found in Cvetkovi¢ [6] and Li [12].

Let D(G) be the diagonal matrix of whose (i,i)™ entry is the
degree of a vertex v, The matrix L(G) = D(G) — A(G) and
LT(G) = D(G) + A(G) are called the Laplacian and Signless
Laplacian matrices of G and their spectra are called Laplacian
spectra (L- spectra) and signless Laplacian spectra (Q-spectra) of
G Let0=p, <p,—1<---p; be L-spectra of G. Fiedler [7]
have prove that 1, = 0 with multiplicity equal to the number of
connected components of G. It is easy to see that

MUY =Y =2m (L (6) =Y w =2m

with tr is the trace of the matrix.

All Laplacian eigenvalues are nonnegative, and therefore
their sum is non-zero. On the other hand,

n 2m
> (w3) =0

Gutman and Zhou [10] have pointed out that the equality
LE(G) = E(G) holds, if G is regular.

The multiplicity of w; is denoted by m(u;). The collection
of all eigenvalues y; together their multiplicity is known as
Laplacian spectra of G denoted by spec;(G). Hence,

spect(G) = (m(ul) m(uy) m(u”>>

The Laplacian energy of a graph G is defined by

n

LEG) =)

i=1

2m

-

Basic properties and other results on Laplacian energy
can be found in Andriantiana [1]. Two graphs G; and G, of
same order are said to be L-equienergetic if LE(G,) =
LE(G,). Two graphs are said to be L-cospectral if they have
same Laplacian eignevalues. Since L-cospectral graphs are always
L-equienergetic, the problem of constructing L-equienergetic
graphs is challenging for L—noncospectral graphs.

The join of G; and G, is the graph G = G; v G, with
vertex set V(G;) U V(G,) and an edge set consisting of all
the edges of G, and G, together with the edges joining each
vertex of G; with every vertex of G,. The L-spectra of join
of graphs is given by the following result.

Proposition 1.1. [5] If Gi(n;,m;) and Gy(ny, my) are two
graphs having L-spectra [iy, [y, -+ Uy, 15 by, = 0 and a1, 05,
e, Oy,—1,0n, = 0 respectively then,
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spect(G1v Gy)

_[mtny mtoy s mt o1 matpy e nat o 0

The Kronecker product of G, and G, is the graph G =
G ® G, with vertex set V(G;) x V(G,) and two vertices (u, v;)
and (u,, v,) are adjacent if 4, is adjacent to u, and v, is adjacent
to v, in G; and G, respectively. The following result gives the L-
spectra of the Kronecker product of graphs of G ® K;.

Proposition 1.2. [3] Let G(n, m) be a graph having L-spectra
and Q-spectra respectively as iy, 1y, -+, 1, and w5,
oo, W then,

+ + .. +
specL(Gé@Kz):(Pi1 S S “{’)

The m-shadow graph D,,(G) of a connected graph G is
graph obtained by taking m copies of G, say G1,Ga, - -+, Gp»
then join each vertex u in G; to the neighbors of the corre-
sponding vertex v in G, 1 <i,j<m. For m=2, the graph
is known as shadow (double) graph.

Proposition 1.3. [13] Let G be a graph with n vertices having
degrees dy, ds, - - -, dy, and let p,, 11, - - -, W, be its Laplacian spec-
tra. Then the Laplacian spectra of D,,(G) is mpu;, md;
forl <i<n.

Proposition 1.4. [8] Let D,(G) be the shadow graph of the graph
G(n, m). Then, forp > 2n+k and m < %, k > 4 we have

__ 2m’
LE(D,(G) vK,) = 4n+ (p — 2n)7”7+ 8m

2m' __ 4m+2np

with n' n+2p

The extended double cover [4] of the graph G(n, m)
with vertex set V(G) = {v,v,, ---,v,} is a bipartite graph
G* with bipartition (X,Y),X = {x1,x2, ---,x,} and Y =
{y1>92, -+ -»yn} where two vertices x; and y; are adjacent if
and only if i=j or v; adjacent v; in G. It is easy to see that
G* is connected if and only if G is connected and a vertex
v; is of degree d; in G if and only if it is of degree d; + 1 in
G*. Following are some results associated with G*

Proposition 1.5. [8] Let G(n, m) be a graph with L-spectra and
Q-spectra as py, fly, =+ by and i, 15, -+ -, ol respectively, then

+ + +
. +2 2 e 2
SpeCL(G):<u11 o ot B2 D )

Proposition 1.6. [8] Let G(n, m) be the graph then for p >
2n+k and m S(’(_Tl)”—i—kf, k > 3, we have
R 2m’

LE(G" v K,) = 6n+ (p —2n) "

+4m

. 2m' __ 4Am+2np+2n
with n p+2n

Proposition 1.7. [11] Let

A0 A
A= a

be a symmetric block matrix. Then the spectra of A is the
union of Ag +A; and Ay — A,.

2, Laplacian energy of extended shadow graph

Definition 2.1. The extended shadow graph D;(G) of a con-
nected graph G is constructed by taking two copies of G say
G’ and G". Join each vertex v’ in G’ to the neighbours of
the corresponding vertex u” and with 4" in G”.

Theorem 2.2. Let G be a graph with Laplacian eigenvalues
Uis o> -+ 1y, and degrees dy,dy, ---,d, then the Laplacian
spectra of D;(G) is

spec.(D5(G))
o 2m 2y e 2p, 2(di+1) 2(dp+1) co- 2(dy+1)
U T 1 1 1 1

Proof. Let vq,v,, -+ -, v, be the vertices of the graph G and
A(G),D(G) be the adjacency matrix and degree matrix of
the graph G respectively.

Then,

L(G) = D(G) — A(G)
Consider second a copy graph G with vertices
up, Uy, Uz, -+, U, to obtain D;(G), such that, N(u;)=

N(v;) U{u;},i=1,2, ---n. Let G, = D;(G).
The adjacency matrix and degree matrix of G; are respect-
ively given as

| AG) AG) +I
AlG) = lA(G) +1I  A(G)

_[2D(G) +1 0
D(6) = 0 2D(G) +1

Then,

L(Gy) = D(G1) — A(Gy)
2D(G) — A(G) +1
—AG) —T
L(G)+D(G)+1 L(G)—D(G)—1
L(G) —D(G) —I L(G)+D(G)+1I

—A(G) -1
2D(G) — A(G) +1

Hence, by Proposition 1.7, spectra of L(G;) is union of spec-
tra of 2L(G) and 2(D(G) +I).
Hence,

specr(D3(G))
(2w 2y o2, 2(diH1) 2(do 1) e 2(de 1)
1\ 1 1 - 1 1 1 1



Lemma 2.3. Let G(n, m) be a graph then for p > (2n+ k)
and m < M, we have

__ om'
LE(G® Ky) v Ky) = dn + (p — 2n) -+ 4m
n

Proof. Let G(n, m) be an n-vertex graph having L-spectra
and Q-spectra, as uy, fy, - -+, H, and g, 15, -+, 1 respect-
ively, then by Proposition 1.2

+ + .. +
SpeCL<G®K2):</«il M S uln)

and so by Proposition 1.1

spec((GRKy) vK,y)
_(pt2n ptuy o ptp, g pHu o ptuy 20 0
S\ 11 1 - 1 p-11

Average vertex degree of (GRK;) VK, is

2m’ 4m+4np
W p+2n
Therefore,
_ 2 / n—1 zm,
LE((G®K2)\/KP)—‘p+2n—n, +>° erui—n/‘
i=1
" 2m’
+D_lptu =
=1
2m'| [2m
B b
Now if, p>2n+k and mgkztl—”k, we have for i=1,
2) ceen
L 2m' n 4m + 4np
P+ U o =Pt i b+ 2n
_ plp—2n) + (p+ 2, — 4m
p+2n
< k(2n+k) —k(2n+k)
- p+2n N
Similarly,
L 2m
p+u — - >0
n
Therefore,
o 2m/ n—1 2m’
i=1
- 2m’'
n
R
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zm/ n—1
- (p—|—2n—7) - (;ui+o>
+Zw+(n_1)( —2—m/>
" n'

Remark 2.4. We have considered the only case when p >
2n+k and m < W. We discard the remaining possibil-
ities for p and m due to following reasons.
Case(I) If, p < 2n+k and m < %,
2m' 4 4
P"‘Mi_Tn,q:P"‘ﬂi_ii::z:p

_plp—2n) + (p + 2m)py — 4m

- p+2n

S p(p—2n) —4m

- p+2n

>p(p—2n)—k2—2nk

- p+2n

(p—k)(p+k)—2n(p+k)

B p+2n

_(p+k)(p—k—2n)

- p+2n

- (p—k—2n)

- p+2n

As, p <2n+k and p 4 2n > 0, we have

(p—k—2n) “0
p+2n
Hence, in this case we are not able to determine the sign of
p+ui— 2’1—”7’ In this situation the term on L.H.S. might be
either positive or negative.
Case(Il) If, p > 2n+ k and m > M,
2m’ 4m + 4np
P+#i*7:P+#i*7p+2n
_ plp—2n) + (p+ 2, — 4m
B p+2n
S p(p —2n) —4m
- p+2n
- k(2n+ k) — 4m
- p+2n
k>4 2nk —4m
 p+2n
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Here, m > ¥221% and p 4 21 > 0, we have

k* + 2nk — 4m

<0
p+2n

Again, in this case we are not able to determine the sign
of p+ p; — 2.

n

Case(IIl) If, p < 2n + k and m > —kz*f”k,
g2 Amtdnp
p Hi n =P Hi p T+ on
_plp—2n)+ (p+ 2n)u, — 4m
a p+2n
< k(2n +k) + (p +2n)p; — 4m
p+2n

<k(2n+k)—|—(p—|—2n),u,~—k2—2nk
p+2n

_(P+2”)Hi
B p+2n

=K

In this case also we are not able to decide the sign of p +
o

W — 457 as ;> 0.
Thus, in all the cases discussed above, it is not possible
to determine the sign of the term p + p;, — 27"7/ definitely.

3. Construction of L-equienergetic graphs

Theorem 3.1. Let G,(n,m) and Gy(n, m) be two graphs hav-
ing L-spectra as py, fly, -+, 1, and yy,7,, -+, 7, respectively,

thenforp22n+kandmgw, k > 4 we have

LE(D}(Gy) v K;) = LE(D(Ga) v Ky)

Proof. Let D;(G;) be the extended shadow graph of Gj.
Then by Theorem 2.2,

specr.(D3(G))
(2w 2 e 2p, 2(di A1) 2(dy 1) - 2(dy+1)
L1 1 1 1 1

and so by Proposition 1.1,

. _ 2 20y -
spec (D5(G1) v K,) = <p+1 ! p+1 f 1

Average vertex degree of D;(G;) v K, is

2m\  8m+2n+4np
no p+2n

p + zlun—l

Therefore,

/

. — 2m

n—1 /
2m
+ZP+2Hi—7‘
=1
n zml
i=1
2m’' 2m’
+(p—1)2n——,+ o
Nowif,pZZn—l—kandmg%, k > 4, we have for
i=1,2,---,n
2m’ 8m + 2n + 4np
p+2u ” p+ 2y b+ 2n
_ plp—2n) +2u,(p +2n) —8m —2n
o p+2n
>k(2n+k)—k(2n+k)+2n—2n70
- p+2n N

Similarly we see that,

/

2
p+2(di+1) - >2>0
n

Therefore,
— 2m'| A 2m'
LE(D;(G) v K,) = .p+2n— p +;p+2,ui— -
n zm/
+;P+2(di+1)_7
2m'| 2w
+(p-1)2n— o + ra

2m’ ]
- (p+2n—7) +2<;ui+o>
—i—(n—l)(
1 2m’
2 d; 2——
+ 2:1: +n<p+ n,)
2m’' 2m’

2 /
:6n+(p—2n)77r/l+8m

p+2(di+1)
1 1

Remark 3.2. We can prove the remaining cases by similar
arguments as discussed in Remark 2.4.

Corollary 3.3. Let Gi(n,my), Gy(n,my), Gs(n,ms) and
Gy(n,mq) be four graphs of order n =0 (mod 4) with m, =



my +%, msz =2my and my = 2my, +5. Then for p > 2n+k

21 2n(k—1
and m; < k++(k) we have

LE(D;(Gy) v K,) = LE(D(G,) v K,) = LE(G; v K,)
=LE((G® K;) VK,)

Proof. Let D}(G1), D2(G,) and Gj be the extended shadow
graph of Gj(n,m;), shadow graph of Gy(n,m;) and
extended double cover of Gs(n,mj3), respectively. Average
degrees of Dj(Gi), D»(Gy), G; and (G®K;) Vv K, are
respectively as,

2my  8my+4np+2n  2m,  8my +4np

n p+2n oo p+2n
%:4m3+4np+2n %:4m4+4np
n p+2n oo p+2n
Now, for p>2n+k and m; < %, we have by
Theorem 3.1
LE(D;(G) v K,) = 6n+ (p — 2n) " + 8my (1)

For p > 2n+ k and m, < % we have by Proposition 1.4

2m,

LE(Dy(G) vK,) = 4n+ (p — 2n) nlz + 8m,
If my = m; + 4 then
X 4 --- 4 4(dy +1
specr(Du(Dy(G) = (01 A
— 2m)
LE(D,(G) v K,) = 6n+ (p — 2n) " + 8my 2)
For p>2n+k and m; < "(kz_l) —1-%2, we have by
Proposition 1.6
P 2m,
LE(Gy v K,) = 6n+ (p — 2n) n’ + 4m;
and if we suppose that m; = 2m; then
P 2m
LE(Gy v K,) = 6n+ (p — 2n) 7 + 8my (3)
n(k—1)

Also for, For p > 2n+k and m; <
Lemma 2.3

5 +%, we have by

!/

_ 2
LE(G® K;) vK,) =4n+ (p — 2n) Zf‘* + 4my

and if we suppose that m, = 2m; + % then
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_ 2m'
LE((G® Ky) v K;) = 61 + (p — 2n) =21

7 + 8m, (4)

Therefore, from (1)-(4) it is clear that
LE(D;(G) v K,) = LE(D2(G,) v K,) = LE(G; v K,)
=LE((G® K;) VK,)

Theorem 3.4. Let Gy(n,m;) and Gy(n,m,) be two graphs
having L—spectra  respectively —as Uy, -+ > 1, and
V1>V < s Vp- Then with n=0(mod 8) and my; =m; + 14

forp24n+kandm2§k2+43”#wehave

LE(D,(D(G1)) v K;) = LE(D(D5(Gy)) v Ky)

Proof. Let D;(G) and D,(G) be the shadow and extended
shadow graphs of G, respectively. D,(D;(G;)) v K, and
D;(D:2(Gy)) v K,, are graphs with p + 4n vertices and aver-
age degrees respectively as

2my  32m+8n+8np  2m,  32m+4n+ 8np
no p+4n oo p+4n '
By Theorem 2.2,
spect(Dy(G1))

2 2py e 2p, 2(di+1) 2(da+1) e 2(dy+1)
L1 1 1 1 1

by Lemma 1.3,

4(d, +1) 2(2dy +1) 2(2d, + 1))
1 2 2

and so by Proposition 1.1, L-spectra of D,(D;(G))VvK,
is p+4n, p+4u;, 1<i<n-—1), p+4(di+1), p+2(2d;+
1) (2 times) (1<i<mn), 4n ((p—1) times), 0

So if p>4n+k and m SW, k < 4, we have for
i=12---,n

2m, 32m + 8n + 8np
4, — 1 — qu, — — T
p+ :ul n/ p+ lul p+4n
_ p(p—4n) +4(p +4n)y; — 32m — 8n
B p+4n
>k(4n+k)—k(4n+k)+8n—8n_0
- p+4n B
Similarly we can show
2m)
p+4(di+1)— o 20, p+22di+1) >0

Therefore,
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y — 2m)
LE(D,(D;(G)) v Kp) = ’p +4n — 71
n—1 !
2m
4u; — =1
+;P+ e
n zml
4(d; +1) - =1
P -5
+2zn: L 2(di+1) =2
i=1 p 1 n'
2m 2m
TN -= S

/

2m
:8n+(p—4n)71+16m1

Similarly,

L-spectra of D}(D,(G)) v K,) is p+4n, p+4y; (1<i<

n—1), p+4d, p+2(2d;+1) (2 times) (1 <i< n),
((p—1) times), 0 and

__ 2m’
LE(Dy(D}(G)) vK,) = 4n+ (p — 4n)%+ 16m,
Using my, = m; +7

LE(D3(D2(G1)) v Kp) = LE(Dy(D5(Ga)) v Kp)

4, Concluding remarks

In most of the existing results only a pair of graphs are
shown to be L-equienergetic while we have investigated four

graphs which are simultaneously L-equienergetic. Moreover,
we have used the concept of extended shadow graph to con-
struct L-equienergetic graphs from the given graphs.
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