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Abstract - According to the research paper on Perfect Dominating Sets by Marilynn Livingston 
and Quentin F. stout[1]they have been constructed the PDSs in families of graphs arising from the 
interconnected networks of parallel computers also contained perfect domination numbers of trees, 
dags, series-parallel graphs, meshes, tori, hypercubes, cube connected cycles and de Bruijin graphs 
and give linear algorithms for determining if a PDS exist, and generate a PDS when one does. 
They also proved that 2 and 3-dimensional hypercube graph having infinitely many PDSs. In this 
paper we are trying to apply their concept on cycle graphs and obtained their perfect domination 
number we also trying to find such applications of it. 
 
Keywords - Dominating set, Minimal dominating set, Minimum dominating set, Domination 
number, perfect dominating set, Minimum perfect dominating set, Minimal perfect dominating 
set, perfect domination number. 
 

1.  Introduction 
Here first we define the necessary terms those are mentioned as keywords, also give an example 
of each if necessary. 
 

Definition 1.1: Let 𝐺 be a graph and 𝑉(𝐺) be the set of all vertices of graph 𝐺 and 𝑆 be the subset 
of 𝑉(𝐺) then the set 𝑆 is said to be dominating set of the graph 𝐺 if and only if for any 𝑤 ∈ 𝑉(𝐺) ∖
𝑆. It means that we can find at least one vertex 𝑣 ∈ 𝑆 such that 𝑤 is adjacent to 𝑣. For example 
consider the following graph 𝐺, according to the definition of dominating set; the set 𝑆 = {𝑣ଵ, 𝑣ସ} 
is a dominating set. [1] 16-28 
 
 
 

 

 

 

 

Figure 1: Dominating Set 
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Definition 1.2: Assume that 𝐺 be a graph. A dominating set 𝑆 in the graph 𝐺 is called minimal 
dominating set in the graph 𝐺 if and only if for any 𝑣 ∈ 𝑆, 𝑆 ∖ 𝑣 is not a dominating set in the 
graph 𝐺. [1] 16-28. For example consider the following graph 𝐺, in which the set 𝑆 = {𝑣ଵ, 𝑣ସ} is a 
minimal dominating set. 
 

 

 

 

 
 

Figure 2: Minimal Dominating Set 
 

Definition 1.3: Let 𝐺 be a graph. A dominating set 𝑆 in 𝐺 with minimum cardinality is called a 
minimum dominating set. A minimum dominating set in graph 𝐺 is also called a 𝛾 − 𝑠𝑒𝑡 in the 
graph 𝐺. [1] 16-28. For example consider a following graph 𝐺 in which according to the definition 
of minimum dominating set, the set 𝑆 = {𝑣ଵ} is a minimum dominating set. 
 

 

 
 

 

 
Figure 3: Minimum Dominating Set 

 

Definition 1.4: Consider 𝐺 be and 𝑆 being a minimum dominating set in 𝐺 then |𝑆| means 
cardinality of set 𝑆, is called the domination number of the graph 𝐺 and it is denoted by 𝛾(𝐺). [1] 
16-28. For example consider the following graph 𝐺, in which according to the definition of 
domination number, the set 𝑆 = {𝑣ଵ} is a minimum dominating set and that cardinality is one 
therefore the domination number of the graph 𝐺 is equal to 1 means 𝛾(𝐺) = 1. [1] 16-28. 
 

 

 

  

Figure 4: Domination Number  
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Definition 1.5: A copy graph 𝐺 = (𝑉, 𝐸) is denoted by 𝐺′ with set of vertices and edges are at it 
is. For example let us observe following graph 𝐺 = 𝐶ହ, cycle graph with five vertices then their 
copy of a graph 𝐺 ′ = 𝑐ହ showing in the figures 5 and 6. [1] 16-28. 
 
 

 

 

 

Figure 5: Graph 𝑮 = 𝒄𝒚𝒄𝒍𝒆 𝑪𝟓  
 

 

 

 

 

Figure 6: Graph 𝑮′ = 𝒄𝒐𝒑𝒚 𝒐𝒇 𝒂 𝒈𝒓𝒂𝒑𝒉 𝑮, 𝒄𝒚𝒄𝒍𝒆 𝑪𝟓  
 
Definition 1.6: A subset 𝑆 of 𝑉(𝐺) is said to be a perfect dominating set if for each vertex 𝑣 is 
adjacent to exactly one vertex of 𝑆. For example consider the following figure 7, a path graph with 
for vertices, 𝑃ସ in which the set 𝑆ଵ = {𝑣ଶ, 𝑣ଷ} and  𝑆ଶ = {𝑣ଵ, 𝑣ସ} are perfect dominating sets of 
graph 𝐺. It may be noted that if 𝐺 is a graph then 𝑉(𝐺) is always a perfect dominating set of 𝐺. [2] 
189-239 

 

 

Figure 7: Graph 𝑮 = 𝑷𝟒 , a path graph with four vertices 

Definition 1.7: A perfect dominating set 𝑆 of 𝐺 is said to be minimal perfect dominating set if 
each vertex 𝑣 in 𝑆, 𝑆 ∖ 𝑣 is not a perfect dominating set. It may be noted that it is not necessary 
that a proper subset of minimal perfect dominating set is not perfect dominating set. For example 
consider a following figure 8, a graph 𝐺 = 𝐶 cycle graph with six vertices then obliviously 𝑉(𝐺) 
is a minimal perfect dominating set of 𝐶.  However the set  𝑆 = {𝑣ଵ, 𝑣ସ} is a proper subset of 𝑉(𝐺) 
and is a perfect dominating set of 𝐺 = 𝐶. [2] 189-239 
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Figure 8: Graph 𝑮 = 𝑪𝟔 , a cycle graph with six vertices 

Definition 1.9: A perfect dominating set with smallest cardinality is called minimum perfect 
dominating set and it is also called 𝛾 −  𝑠𝑒𝑡. [2] 189-239 

Definition 1.10: A cardinality of minimum perfect dominating set is called perfect domination 
number of the graph 𝐺 and it is denoted by 𝛾(𝐺). In the above figure 8, we observe that the 

perfect domination number of cycle graph 𝐶 is 2 means 𝛾(𝐶) =  2. Moreover consider the 

following figure 9, a graph 𝐺 = 𝑃ଷ a path graph with three vertices. [2] 189-239 

 

 

Figure 8: Graph 𝑮 = 𝑷𝟑 , a path graph with three vertices 

Definition 1.11: The corona product of two graphs 𝐺ଵ and 𝐺ଶ is the graph denoted by 𝐺ଵ⨀𝐺ଶ, is 

the graph obtained by taking one copy of 𝐺ଵ and |𝑉(𝐺ଵ)| copies of 𝐺ଶ such that 𝑖௧ vertex of the 
copy of 𝐺ଵ is adjacent to each vertex of 𝑖௧ copy of 𝐺ଶ. For example consider the following graphs 
𝐺ଵ = 𝐶ଷ cycle graph with three vertices and 𝐺ଶ = 𝑃ଷ path graph with three vertices showing in the 
following figures 9 and 10. 
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Figure 9: 𝑮 = 𝑪𝟑 Figure 10: 𝑮 = 𝑷𝟑 
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Now according to definition of corona product of two graphs we can get a new graph says 𝐺ଷ =

 𝐺ଵ⨀𝐺ଶ showing in the following figure 11. 

 

 

 

 

 

 

 

 

 Figure 11: Graph 𝑮𝟑 = 𝑮𝟏⨀𝑮𝟐  

2. Main Results 
Let 𝐺 = (𝑉, 𝐸) be any graph where 𝑉a set of vertices is and 𝐸 indicates set of edges. Throughout 
the result we are consider a cycle graph 𝐶 with  𝑛 vertices and 𝑛 − 1 edges in which we invented 
some new results regarding the perfect domination number of cycle graph 𝐶. 
 
2.1 Perfect Domination Number of Cycle graph 𝑪𝒏 
Theorem 2.1: Let 𝐶 by any cycle graph with 𝑛 ≥ 3,  number of vertices and 𝑛 − 1 number of 
edges where 𝑛 ≥ 3 then the perfect domination number of 𝐶 is given by  

𝛾(𝐶) =  

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

2𝑛 − 1

5
 ; 𝑤ℎ𝑒𝑟𝑒 𝑛 = 5𝑚 − 2, 𝑚 ∈ 𝑁  

2(𝑛 + 1)

5
; 𝑤ℎ𝑒𝑟𝑒 𝑛 = 5𝑚 − 1, 𝑚 ∈ 𝑁 

2𝑛

5
; 𝑤ℎ𝑒𝑟𝑒 𝑛 = 5𝑚, 𝑚 ∈ 𝑁                    

2(𝑛 − 1)

5
; 𝑤ℎ𝑒𝑟𝑒 𝑛 = 5𝑚 + 1, 𝑚 ∈ 𝑁

2𝑛 + 1

5
; 𝑤ℎ𝑒𝑟𝑒 𝑛 = 5𝑚 + 2, 𝑚 ∈ 𝑁    

 

Where 𝑁 indicates the set of natural numbers. 
Proof: Here we are proving this theorem by using Principle of Mathematical Indication theory. 
Now first we are trying to prove that the given result in the hypothesis is true for 𝑛 = 3. 
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Case I: Let  𝑛 = 3 , indicates a cycle graph with three vertices i.e. 𝐶ଷ.  For 𝑛 = 3, the suitable 

value of 𝑚 = 1 follows the  𝛾(𝐶) =   
ଶିଵ

ହ
 ; 𝑤ℎ𝑒𝑟𝑒 𝑛 = 5𝑚 − 2, 𝑚 = 1 ∈ 𝑁 .  

⇒ 𝑚 = 1 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 𝑛 = 3 𝑡ℎ𝑒𝑟𝑒𝑓𝑜𝑟𝑒 𝛾(𝐶ଷ) =   
2(3) − 1

5
=

5

5
= 1. 

 

 

 
 

Figure 12: 𝑮 = 𝑪𝟑 

According to definition of perfect domination number it is clear that 𝛾(𝐶ଷ) = 1. 
So it is clear that the above theorem is true for 𝑛 = 3. 
 
Case II: Assume that above theorem is true for 𝑛 = 𝑘. We have  
 

𝛾(𝐶) =  

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎧

2𝑘 − 1

5
 ; 𝑤ℎ𝑒𝑟𝑒 𝑘 = 5𝑚 − 2, 𝑚 ∈ 𝑁 … ….  (1)

2(𝑘 + 1)

5
; 𝑤ℎ𝑒𝑟𝑒 𝑘 = 5𝑚 − 1, 𝑚 ∈ 𝑁 … … . (2)

2𝑘

5
; 𝑤ℎ𝑒𝑟𝑒 𝑘 = 5𝑚, 𝑚 ∈ 𝑁 … … … … … …  (3)

2(𝑘 − 1)

5
; 𝑤ℎ𝑒𝑟𝑒 𝑘 = 5𝑚 + 1, 𝑚 ∈ 𝑁 … … (4)

2𝑘 + 1

5
; 𝑤ℎ𝑒𝑟𝑒 𝑘 = 5𝑚 + 2, 𝑚 ∈ 𝑁  … … … (5) 

 

 
Case III: Let we can try to prove that above theorem is true for 𝑛 = 𝑘 + 1. 
 
Claim:  

 𝛾(𝐶ାଵ) =  

⎩
⎪
⎪
⎨

⎪
⎪
⎧

ଶାଵ

ହ
 ; 𝑤ℎ𝑒𝑟𝑒 𝑘 + 1 = 5𝑚 − 2, 𝑚 ∈ 𝑁 

ଶ(ାଶ)

ହ
; 𝑤ℎ𝑒𝑟𝑒 𝑘 + 1 = 5𝑚 − 1, 𝑚 ∈ 𝑁

ଶ(ାଵ)

ହ
; 𝑤ℎ𝑒𝑟𝑒 𝑘 + 1 = 5𝑚, 𝑚 ∈ 𝑁       

ଶ()

ହ
; 𝑤ℎ𝑒𝑟𝑒 𝑘 + 1 = 5𝑚 + 1, 𝑚 ∈ 𝑁    

ଶାଷ

ହ
; 𝑤ℎ𝑒𝑟𝑒 𝑘 + 1 = 5𝑚 + 2, 𝑚 ∈ 𝑁   

 

 
 

To prove: (1) 𝛾(𝐶ାଵ) =
ଶ(ାଵ)ିଵ

ହ
=

ଶାଵ

ହ
 ; 𝑤ℎ𝑒𝑟𝑒 𝑘 + 1 = 5𝑚 − 2, 𝑚 ∈ 𝑁 

 
Assume that  𝜆 = 𝑘 + 1,  

𝑣ଷ 
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 ⇒ 𝜆 = 5𝑚 − 2  follows the above result …. (1) which is true for every 𝑘 = 5𝑚 − 2 
 

(1) ⇒ 𝛾(𝐶) =
2𝑘 − 1

5
; 𝑤ℎ𝑒𝑟𝑒 𝑘 = 5𝑚 − 2, 𝑚 ∈ 𝑁 

 

⇒ 𝛾(𝐶ఒ) =
ଶఒିଵ

ହ
; 𝑤ℎ𝑒𝑟𝑒 𝜆 = 5𝑚 − 2, 𝑚 ∈ 𝑁  

 
But 𝜆 = 𝑘 + 1 than we get 
 

∴ 𝛾(𝐶ାଵ) =
2(𝑘 + 1) − 1

5
=

2𝑘 + 1

5
 ; 𝑤ℎ𝑒𝑟𝑒 𝑘 + 1 = 5𝑚 − 2, 𝑚 ∈ 𝑁 

 
Hence prove the result. 
 

To prove: (2) 𝛾(𝐶ାଵ) =
ଶ(ାଵାଵ)

ହ
=

ଶ(ାଶ)

ହ
; 𝑤ℎ𝑒𝑟𝑒 𝑘 + 1 = 5𝑚 − 1, 𝑚 ∈ 𝑁 

 
Let 𝛼 = 𝑘 + 1, 
⇒ 𝛼 = 5𝑚 − 1 follows the above result ….(2) which is true for every 𝑘 = 5𝑚 − 1. 
 

(2) ⇒ 𝛾(𝐶) =
2(𝑘 + 1)

5
; 𝑤ℎ𝑒𝑟𝑒 𝑘 = 5𝑚 − 1, 𝑚 ∈ 𝑁 

 

⇒ 𝛾(𝐶ఈ) =
ଶ(ఈାଵ)

ହ
; 𝑤ℎ𝑒𝑟𝑒 𝛼 = 5𝑚 − 1, 𝑚 ∈ 𝑁  

 
But 𝛼 = 𝑘 + 1 than we get 
 

𝛾(𝐶ାଵ) =
2(𝑘 + 1 + 1)

5
=

2(𝑘 + 2)

5
; 𝑤ℎ𝑒𝑟𝑒 𝑘 + 1 = 5𝑚 − 1, 𝑚 ∈ 𝑁 

 
Hence prove the result. 
 

To prove: (3) 𝛾(𝐶ାଵ) =
ଶ(ାଵ)

ହ
; 𝑤ℎ𝑒𝑟𝑒 𝑘 + 1 = 5𝑚, 𝑚 ∈ 𝑁        

 
Let 𝛽 = 𝑘 + 1, 
 
⇒ 𝛽 = 5𝑚, 𝑚 ∈ 𝑁 follow the above result … (3) which is true for every 𝑘  
 

(3) ⇒ 𝛾(𝐶) =
2𝑘

5
; 𝑤ℎ𝑒𝑟𝑒 𝑘 = 5𝑚, 𝑚 ∈ 𝑁 

 

      ⇒ 𝛾൫𝐶ఉ൯ =
2𝛽

5
; 𝑤ℎ𝑒𝑟𝑒 𝛽 = 5𝑚, 𝑚 ∈ 𝑁 
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But 𝛽 = 𝑘 + 1 than we get 
 

𝛾(𝐶ାଵ) =
2(𝑘 + 1)

5
; 𝑤ℎ𝑒𝑟𝑒 𝑘 + 1 = 5𝑚, 𝑚 ∈ 𝑁        

 
Hence prove the result. 
 

To prove: (4) 𝛾(𝐶ାଵ) =
ଶ()

ହ
; 𝑤ℎ𝑒𝑟𝑒 𝑘 + 1 = 5𝑚 + 1, 𝑚 ∈ 𝑁 

Let 𝛿 = 𝑘 + 1, 
 
⇒ 𝛿 = 5𝑚 + 1, 𝑚 ∈ 𝑁 follows the above result … (4) which is true for every 𝑘 
 

(4) ⇒ 𝛾(𝐶) =  
ଶ(ିଵ)

ହ
; 𝑤ℎ𝑒𝑟𝑒 𝑘 = 5𝑚 + 1, 𝑚 ∈ 𝑁  

 

       ⇒ 𝛾(𝐶ఋ) =  
2(𝛿 − 1)

5
; 𝑤ℎ𝑒𝑟𝑒 𝛿 = 5𝑚 + 1, 𝑚 ∈ 𝑁 

 
But 𝛿 = 𝑘 + 1 than we get 
 

𝛾(𝐶ାଵ) =
2(𝑘)

5
; 𝑤ℎ𝑒𝑟𝑒 𝑘 + 1 = 5𝑚 + 1, 𝑚 ∈ 𝑁 

 
Hence prove the result. 
 

To prove: (5) 𝛾(𝐶ାଵ) =
ଶାଷ

ହ
; 𝑤ℎ𝑒𝑟𝑒 𝑘 + 1 = 5𝑚 + 2, 𝑚 ∈ 𝑁    

Let 𝜃 = 𝑘 + 1, 
 
⇒ 𝜃 = 5𝑚 + 2, 𝑚 ∈ 𝑁 follows the above result … (5) which is true for every 𝑘 
 

(5) ⇒ 𝛾(𝐶) =  
2𝑘 + 1

5
; 𝑤ℎ𝑒𝑟𝑒 𝑘 = 5𝑚 + 2, 𝑚 ∈ 𝑁 

       ⇒ 𝛾(𝐶ఏ) =  
2𝜃 + 1

5
; 𝑤ℎ𝑒𝑟𝑒 𝜃 = 5𝑚 + 2, 𝑚 ∈ 𝑁 

But 𝜃 = 𝑘 + 1 than we get 
 

𝛾(𝐶ାଵ) =
2𝑘 + 3

5
; 𝑤ℎ𝑒𝑟𝑒 𝑘 + 1 = 5𝑚 + 2, 𝑚 ∈ 𝑁    

 
Hence prove the result. 
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So it is clarify that above theorem is passes through all the testing parameters of mathematical 
induction therefore we say that above theorem is true for 𝑛 = 𝑘 + 1. Now verify the above theorem 
by taking an example of cycle graph with 10 vertices i.e. Graph 𝐺 = 𝐶ଵ, for 𝐶ଽ we can try to 
obtain 𝛾(𝐶ଵ). Now consider the following figure 13. 
  
  
 
 
 

 

 
 
 

  

 

 

Figure 13: 𝑮 = 𝑪𝟏𝟎, a cycle graph with 10 vertices 

 

Now according to the definition of perfect domination number, the vertex set 𝑉(𝐶ଵ) in which 
each vertex of it, is adjacent to exactly one vertex of a set 𝑆 = {𝑣ଵ, 𝑣ସ, 𝑣, 𝑣ଵ} therefore a set 𝑆  is 
a minimum perfect dominating set with cardinality  4. Therefore 𝛾(𝐶ଵ) = 4. 

Now according to our theorem for 𝑛 = 10, the suitable case is 𝑛 = 5𝑚, 𝑚 = 2 ∈ 𝑁 and 

hence 𝛾(𝐶) =
ଶ

ହ
 follows for 𝑛 = 10 we get 𝛾(𝐶ଵ) =

ଶ(ଵ)

ହ
=

ଶ

ହ
= 4. 

Now verify the above theorem by taking an example of cycle graph with 13 vertices that is graph 
𝐺 = 𝐶ଵଷ we can try to obtain 𝛾(𝐶ଵଷ). Now consider the following figure 14. 

According to definition of perfect domination number, the vertex set 𝑉(𝐶ଵଷ) in which each vertex 
of it is adjacent to exactly one vertex of a set 𝑆 = {𝑣ଵ, 𝑣ସ, 𝑣, 𝑣଼, 𝑣ଵଵ} therefore a set 𝑆 is a minimum 
perfect dominating set with cardinality 5. Therefore  𝛾(𝐶ଵଷ) = 5. 

Now according to above mentioned theorem 2.1 we take 𝑛 = 13, is suitable for the case 𝑛 = 5𝑚 −

2, 𝑚 = 3 ∈ 𝑁 follows 𝛾(𝐶) =
ଶିଵ

ହ
 and hence 𝛾(𝐶ଵଷ) =

ଶ(ଵଷ)ିଵ

ହ
=

ଶହ

ହ
= 5. 
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 Figure 14: 𝑮 = 𝑪𝟏𝟑; a cycle graph with 13 vertices 

 
3. Conclusion 
 
Here we obtained the perfect domination number of cycle graph with 𝑛 − vertices for some  
𝑛 ∈ 𝑁. It is useful for measuring shortest distances form source vertex (node) to destination vertex 
(node) without using any algorithmic process of complex mathematical calculations.  
 
There is also needful for creating a networks and its efficiency verification. The perfect domination 
number is widely used in coding theory, by using this concept the computer programmer will able 
to decode some complicated conjectures. 
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